Abstract. This paper develops a theory for pulse circulation on a ring in a continuous excitable medium. Simulations of a partial differential equation (PDE) 
1. Introduction. Excitable media can support self-sustained wave propagation on various geometries. Excitation pulses may circulate along a closed one-dimensional ring, rotate on a two-dimensional plane in the form of a spiral wave, or organize into scroll wave filaments in three-dimensional space. Most theoretical interest has focused on the study of spiral waves and scroll waves in excitable media, but there is not yet a good mathematical theory for the relatively simple problem of pulse circulation on a ring. This problem has concrete applications to experimental models of rcentrant electrical activity in cardiac muscle.
In 1914, Mines [12] considered the circulation of an electrical pulse (or action potential) around a ring-shaped piece of atrial muscle dissected from tortoise heart. He proposed this preparation as a model for abnormal recntrant activity. Since then, the concept of reentry has evolved from the circulation of a pulse around an obstacle, often called anatomical reentry, to include functional reentry in the form of spiral waves [19, 18] . Recent experiments by Frame and Simson [4] on ring-shaped myocardial preparations dissected around the tricuspid valve orifice of dog hearts have provided detailed new results on the dynamics of pulse circulation in rings of living cardiac tissue. They looked at variations in action potential duration, circulation time, and other dynamical quantities during pulse circulation and described how these quantities relate to initiation and termination of the reentrant activity. They found that, in certain preparations, the magnitude of these quantities oscillated when measured once each rotation at a fixed point along the ring of tissue and that such oscillations often accompanied termination of recntrant propagation around the ring. Hence, an understanding of the nature of these oscillations could be helpful clinically in controlling the stability of anatomical reentry circuits.
Our aim is to understand the dynamics of a propagating excitation pulse around a one-dimensional ring-shaped domain using a simple delay equation. In its most elaborate form, modeling of electrical propagation in cardiac tissue uses nonlinear partial differential equations (PDEs) that incorporate complex sets of equations to describe the electrical and ionic properties of cardiac cells [13, 11, 2] . In these continuous systems, oscillations similar to those observed by Frame and Simson arise when the circumference of the ring is made small enough. This instability has been shown in numerical studies by Quan and Rudy [13] and by Vinet and coworkers [16, 171 us- ing modified Beeer-Reuter (BR) equations [1] and by Karma [9] using a two-variable system. Recently, Karma et al. [10] presented a theoretical analysis of the instability based on a direct reduction of the PDE model on a ring to a discrete map via a freeboundary problem formulation. To abstract the essential features of cardiac tissue that control its dynamics, theories based on finite-difference equations and spatially discrete models have also been developed based on mesoscopic properties such as the dispersion relation and the restitution curve [19, 15, 11, 7, 3] .
The dispersion relation, c(t,.), gives the dependence of the pulse propagation speed on the recovery time since the last pulse ended. The restitution curve, a(t.),
gives the pulse duration as a function of the preceding recovery time. The recovery time (also called diastolic interval) at a point in the tissue is defined as the elapsed time between the onset of an excitation pulse and the end of the preceding pulse. It has been known for some time that the restitution curve can be used to construct a simple finite-difference equation describing the response of cardiac cells to periodic stimulation [SJ. These results have shown that when the magnitude of the slope of the restitution curve exceeds unity at the predicted steady state, oscillations in pulse duration arise. Recently, Ito and Glass [7] presented a spatially discrete model of pulse propagation on a ring of tissue that use the dispersion and restitution curves to predict pulse dynamics. Their work attempts to explain the experimental results of Frame and Simson [41 discussed above. They show good agreement between their discrete model and the experimental observations and link the onset of the pulse instability with the steepness of the restitution and dispersion curves at the steady state. The delay equation model presented here corresponds to a continuous-space limit of the discrete model introduced in [7] .
In this study, we develop a theory about the nature of the pulse instability on the ring in both experimental preparations and numerical simulations of complex PDEs based on a single cotios integral-delay equation (IDE). The continuous IDE allows us to carry out analytical computations not previously obtained with discrete models. We examine in detail the onset of nonsteady circulation using the BR equations on a one-dimensional ring. Destabilization of steady propagation occurs as the circumference of the ring is reduced, leading to oscillations in the pulse speed, pulse duration, and recovery time with a wavelength slightly less than twice the ring length. The dynamics of pulse circulation on a ring can be reduced to an IDE using the dispersion and restitution curves. This is done directly in the case of a general two-variable model. We find a simple criterion for pulse stability based solely on the steepness of the restitution curve, but in addition, the IDE provides novel information about the nature of the bifurcation and of the oscillatory solutions that arise from it (number, wavelength of unstable modes, amplitude of periodic solutions).
Analytical results from the delay equation can be used to predict numerical results for both the IDE and more complex PDE system. In addition, the IDE predicts previously uncharted solutions that can be observed in the PDE with appropriate initial conditions. This work extends the results presented in our earlier preliminary report [3] .
2. The PDE model. In this section, we present numerical results from simulations of pulse circulation on a ring, using the BR equations to represent the electrical properties of the medium. The phenomena observed in the full PDE model will then be described and analyzed later in terms of a simple delay equation. 
The integration is performed using a fixed spatial discretization step/z -0.025 cm and a fixed temporal discretization step At 0.025 ms. Refining the spatial and temporal discretization stcps leads to a faster propagation velocity (about 10% faster for planar waves in recovered medium with /z 0.01 cm and At 0.01 ms) but does not modify the qualitative nature of the solutions as the ring length is reduced. This was checked explicitly for all computations presented in this study.
A circulating pulse is obtained by stimulating the proximal end of a long cable (L 15 cm) to obtain a propagating action potential. As the activation front approaches the distal end of the cable, the two ends of the cable are joined numerically into a ring. After stabilization of the pulse, the ring size is decreased in successive steps by splicing out part of the ring. Gridpoints arc removed starting 10 grid locations behind the excitation front (marked by V -60 mV and OV/Ot > 0) during the action potential. Increases in ring length are obtained by inserting gridpoints 10 grid locations behind the front. The new points arc assigned state values from one of the adjacent points. We measure the pulse duration A, the speed C, the recovery tine t., and the circulation time T as the pulse propagates along the ring (this is explained further below), using -60 mV as our threshold between the recovered state (V < -60 mV) and the excited state (V >_ -60 mV). Speeds are calculated using the propagation time of the wavcfront over a distance of 3 Fig. 2 .
When examined as a function of the time-dependent coordinate z, we find that destabilization of the steady-state leads to periodic solutions for A, C, t., and T whose wavelengths arc slightly less than twice the ring length. As the ring length is decreased, the amplitude of the oscillations increases and their wavelength decreases. Figure 3 shows traces of C(z), A(z), t(z), and T(z) for the oscillating solution at (5) .
We use singular perturbation theory to understand the behavior of the system (5) in the limit where 0 < << 1. Simply setting 0, we obtain the "outer equation" (6) Ov,/cgt 9(t, v),
The two stable roots of f(t, v) 0 are denoted t U+(v), so the outer dynamics become where the + dynamics are followed on the excited branch and the dynamics are followed on the recovering branch.
Outer dynamics fail in some regions of space and must bc patched together with moving transition layers within which (8) t(x, t) u (   X   Ct   ) A simple change to moving coordinates shows that to leading order in e, U and V satisfy (9) U" + CU' + f ( (12) ve F-l(tr).
Now we can write the pulse duration and speed as a fllnction of t,
A Fl (F-l (t)) a(t), c thereby defining the restitution and dispersion curves.
Using the restitution and dispersion curves, (4) may be rewritten as 1 ds a(t(x L)) (14) t(x) -L c(t(s)) which is an IDE for the recovery time t.. It completely describes the dynamics of pulse circulation on the ring. Equation (14) can be reduced to a neutral differential-delay equation [6] by taking derivatives with respect to z, which yields
We used the form of (15) in [3] . We shall use the IDE in what follows.
3.2. Restitution and dispersion in the BR model. We cannot derive the restitution and dispersion relations analytically from the BR equations. Our assumption that these two curves are unique and well defined in the PDE model can be tested by computing dispersion and restitution curves for the BR model and comparing simulation results from the PDE and IDE models. In Fig. 7 Fig. 7 ). Our assumption requires that the restitution and dispersion curves be independent of the In general this is incorrect, but it serves as an adequate first approximation here. A more accurate estimate of vr could be obtained by considering the recovery process as a propagating front and requiring that its speed, -,k(vr), equal the excitation front speed, ring length and previous history of the medium and that they both be well-defined single-valued functions of t.. The curves of Fig. 7 are similar, except that there is a splitting of the restitution curve that is more pronounced at the shorter ring length. This is due to hysteresis in the response of the system depending on whether the recovcry time t,l is increasing or decreasing and shows that our slow-manifold assumption is not completely satisfied.
It is possible to measure the restitution and dispersion curves under different conditions. For example, we could measure the restitution curve using external stimuli applied to the spatially uniform BR model (D 0 in (1) Before pursuing the analysis, it is convenient to change variables in (14) . Setting y Qx/L and t.(Ly/Q) z(y) into (14) Our application to excitable media sets a' _> 0 and d' < 0. We are particularly interested in the bifurcation at a' 1, where we find that the imaginary part q0 of the roots satisfies (a) t j. a'-1, we look for small-amplitude periodic solutions of (14) . We rewrite (17) [7. They studied in detail the stability of this discrete finite-difference scheme and obtained results similar (but not identical) to our stability results for the continuous IDE. In the discrete model, the stability criterion for the steady state includes a dependence on the slope of the dispersion relation that is not present in the IDE. Our experience with (37) has also revealed a sensitivity of the solution to discontinuities in the initial conditions, which is partly a property of the IDE (see [6] ) and a consequence of our sharp front assumption in constructing it. In spite of the discrepancies between the finite-difference equation
and the IDE, we use (37) to simulate the dynamics of (14) .
In the numerical simulations of he IDE, he steady state t(x) t; is destabilized as the ring circumference is decreased from L 13.5 cm to L 13.45 cm. Starting with initial conditions corresponding to the gpproximated value of the steady state, growing oscillations are observed in all measured quantities a L 13.15 cm. Figure  9 shows a trace of C(x), A(x), t(x), and T(x) after stabilization of he oscillations.
The wavelength of the oscillation is A 25.7 cm. As in the PDE, the dynamics of the various measurements at. a fixed location along the ring are quasiperiodic. Figure 10 shows the sequence of recovery times t and circulation periods T measured during consecutive turns at a fixed location along the ring. Figures 9 and 10 4. The PDE model revisited. Our theory of pulse circulation on a ring is based on a reduction of the dynamics to a simple IDE, using the dispersion and recovery curves to capture the essential features of the nonlinear PDE model. We compare theoretical predictions and numerical results in more detail here. Fig. 13 results from numerical simulation of the IDE for the solutions at k 0 (circles) and k 1 (crosses, superimposed on the data points for k 0). There is good agreement between the theory and simulations close to the bifurcation. As expected, the agreement breaks down further from the bifurcation. For L 13.15 cm and k 0, the predicted amplitude is about 108.7 ms. The observed amplitude in the PDE (Fig. 3(c) ) is about 163 ms, while in the IDE it is about 137 ms ( Fig. 9(c) ).
Nevertheless, we use the amplitude estimate to obtain an rough approximation for the smallest ring length L mi that will support propagation. Assuming that propagation failure occurs whenever t falls below 37 ms and using the first-order solution of (36) Figure 14 shows the evolution of C(x), A(x), t(z), and T(z) for the solution at L 13.15 cm after about 250 rotations around the ring. The small variations in peak amplitude visible in the plot of t(z) are transient and disappear (variations less than 0.05 ms) within the next 400 rotations. Figure 15 shows the sequence of recovery times t and circulation periods T measured during consecutive turns at a fixed location along the ring. The amplitude of the oscillations in recovery time in Fig. 14 Numerical simulation of the IDE reveals that the equation is sensitive to discontinuitics in the initial conditions, as pointed out in [6] for the case of the related neutral differential-delay equation. In addition, the discrctizcd equation that we have used in our integration scheme supports large amplitude oscillations at arbitrarily large frequcncy [7] for certain choices of restitution and dispersion relations. This is a potential problem in extending the applicability of this theory to other systems. Although the analysis of the IDE remains valid, there may be problems in simulating it numerically. Hence, a better method is needed to compute numerically the periodic solutions of the IDE. In spite of this, we expect that the analytical predictions based on the IDE will be valid in excitable systems where our assumptions about the uniqueness of the restitution and dispersion relations arc satisfied. These criteria are directly related to the assumptions made in deriving the IDE directly from the general two-variable system.
In the PDE, it appears that there are nonlinear effects involved in the selection 
